Abstract: This paper treats the problem of controlling large freeway systems through ramp metering to enhance their efficiency. Following a rigorous discretization methodology, an extension of the CTM model to inhomogeneous freeways with on and off ramps is proposed. Based on passivity theory and the piecewise affine formulation of this model, an LMI formulation is developed to design non-local feedback ramp metering controllers.
INTRODUCTION
Freeway traffic congestion has a high social and economical cost that tends to increase dramatically in large cities. Since the field studies on ramp metering efficiency reported in (Papageorgiou et al., 1997) and (Levinson and Zhang, 2005) , traffic responsive metering strategies are considered to be appropriate to tackle the problem of excess demand on freeways. This article proposes a novel control approach based on a macroscopic traffic model to design dynamical and non-local metering controllers.
There is an abondant literature on equilibrium homogeneous macroscopic traffic models from the pioneering LWR model (Lighthill and Whitham, 1955) to the more recent Cell Transmission Model (CTM) proposed in (Daganzo, 1994) . Extensions to inhomogeneous roads such as freeway sections with variable numbers of lanes were treated in (Lebacque, 1996) . We propose in this paper an extension of the CTM model to include on/off ramps. The resulting model has a form similar to the CTM model, making it suitable for controller Since the development of the local ALINEA algorithm by Papageorgiou, many improvements have been proposed among which an adaptive version (Smaragdis et al., 2004) . Moreover, some new strategies emerged form the control community such as the switched method proposed in (Sun and Horowitz, 2005) which is based on a controllability analysis. In this paper, we develop a new feedback control approach based on the PieceWise Affine (PWA) formulation of the I-CTM model which enables us to use powerful design methods such as the one proposed in (Ferrari-Trecate et al., 2002) . Such feedback controller can be used with the open loop optimal strategy proposed in (Jacquet et al., 2005) to increase it robustness.
MACROSCOPIC TRAFFIC MODELS

The homogeneous LWR model
The most used macroscopic traffic model is the socalled LWR model (Lighthill and Whitham, 1955) 
where ρ(t, x) is the vehicle density along the freeway section and Φ(·) is the flux function known as the fundamental diagram. This is a scalar conservation law whose solution ρ may develop discontinuities satisfying the so-called entropy condition (Ansorge, 1990 ).
An efficient first order numerical method to integrate such equations is the Godunov scheme (Godunov, 1959) that divides the freeway into cells of average density ρ i and applies the stepping
with Φ n (ρ L , ρ R ) the flux solution of the Riemann problem (piecewise constant initial condition) with left and right states ρ L and ρ R . Though Φ n (ρ L , ρ R ) may be difficult to compute in general, Daganzo (Daganzo, 1994) showed that the triangular flux function Φ(ρ) = min(vρ, w(ρ m − ρ)) with free flow speed v, congestion wave speed w and maximal density ρ m leads to the simplified numerical flux formulation
with φ m = max Φ(·) the maximal possible flow. The interest of the CTM model for control design is to be piecewise affine, a property we would like to keep in the inhomogeneous situation.
The inhomogeneous LWR model
One way to model on and off ramps is to consider a concatenation of homogenous links coupled through interface conditions involving their boundary conditions. Nevertheless, such boundary conditions should be handled with care as they should be interpreted in the weak sense (Bardos et al., 1979) as for the LWR equation (Ansorge, 1990) . As shown in (Strub and Bayen, 2006) , a practical consequence is that boundary conditions do not always apply.
We solve below the interface condition for 2 identical links interconnected through an on-ramp with flowφ i (t) > 0 as represented on Figure 1 . The flow The interface flow conservation writes formally
with ρ l i and ρ r i−1 respectively the left and right boundary values. But (2) cannot be solved in general as Φ(·) is not invertible (not one-to-one) and has finite range [0, Φ m ]. Moreover, (2) does not embed any causality so it does not tell which boundary value set the other. This problem is solved using the two following arguments:
• The characteristic orientations on both sides of the interface provide the causality.
• (2) is extended by a flow/demand arbitration to ensure its solvability (Lebacque, 1996) . 
More states should be considered when solving general Riemann problems but we only consider the most important ones for our application. Note that the congested and decoupled states have jump discontinuity that are not entropic (left value larger than right value). Similarly, a FSM can be built for an off-ramp but it is omitted here. 
where c i = ∆t/∆x i is a discretization parameter. With r i the on-ramp flow and s i the off-ramp flow when present, the numerical fluxes Φ + and Φ − can be written in their most general form
where the 2 kinds of ramps cannot be present at the same location. Let denote F i , C i , D i the indicator functions that take value 1 when interface i upstream of cell i is respectively free, congested and decoupled. The discretized model becomes
with slight changes at boundaries. Reordering in
the interest of this formulation is that it can be put in a switched piecewise affine (PWA) form suitable for controller design = (ρ 1 , ..., ρ n ) T denotes the vector of cell densities, r = (r 1 , ..., r m )
T the vector of on-ramp flows,
T the vector of partially unknown exogenous signals and a α k is an affine term. g(ρ k , u k , w k ) is a nonlinear function that returns the discrete state corresponding to Φ + i . The discrete state α k that depends on this switching rule sets the active matrices valid for the state space representation at time k
In this discrete model, which has some similarity with (Sun and Horowitz, 2005) , the switches play the role of the nonlinearity of the continuous one.
METERING CONTROLLER DESIGNS
With the objective to track the reference (ū k ,ρ k ) and assuming identical sequences α k =ᾱ k , the error dynamics for the continuous state is
Let consider the problem of designing a piecewise linear full state controllerũ k = K α kρ k giving the following closed loop continuous dynamics
The closed loop system to stabilize thus writes
with C α k weighting the states to be controlled.
In (Ferrari-Trecate et al., 2002) , the authors proposed to use passivity theory to design feedback controller for PWA systems. System (8) is strictly passive with supply rate W : R q ×R p → R if there exists a non negative storage function of the form V : I × R n → R with V (·, 0) = 0 such that the following dissipation inequality holds
where V k = V (α k ,ρ k ). The following supply rates are classical in controller design
and W LQ the LQ performance criteria, whose special case Q = I corresponds to the H 2 norm.
For PWA systems, a candidate storage function is the piecewise quadratic (PWQ) Lyapunov function defined by
where the matrices P i are considered symmetric without loss of generality. The decrease in the storage function along the system trajectory is
(10) which simplifies without uncertainties (w k = 0) to
Feedback Stabilization Without Uncertainties
A sufficient condition of global stability for the PWA system (8) without uncertainties (w k = 0) is that ∆V (α k ,ρ k ) is negative definite along the system trajectories. Considering all the possible discrete state trajectories in Equation (10), i.e. either α k+1 = α k or α k+1 = α k for transitions, global stability is obtained if one can find a set of symmetric positive definite matrices P i and constant vector gains K i such that 
for all possible transitions T of the discrete state thenρ converges globally towards the origin with the piecewise linear static gain
PROOF. We multiply by P −1 i from the left and right in (11) to get by congruence
Making the change of variables Q i = P −1 i and
The schur complement gives the theorem.
The feasibility problem for the LMI (12) requires (A i , B i ) to be stabilizable. Note that the size of the LMI constraint (12) depends directly on the number of transitions (i, j) considered in the set T . Plant augmentation methods can be used to design a PI controller.
H ∞ synthesis for perturbation attenuation
In this section, some robustness requirements are added to the control problem. We consider here an H ∞ problem which consists in minimizing or bounding to a predefined value γ the system gain between ||w k || 2 and ||ρ k || 2 so that the influence of the exogenous signal w on the state ρ is controlled.
The supply rate W ∞ can be rewritten
Applying the S-procedure to the passivity inequality (9) and considering the uncertainties in (10), we get the classical Bounded Real Lemma which states that ||ρ k || 2 < γ||w k || 2 is equivalent to
Theorem 2. The attenuation ||ρ k || 2 < γ||w k || 2 is realized by the static feedback gains K i for all signalsw k in l 2 if one can find a set of matrices
with T the set of possible transitions. The feedback gains are given by
PROOF. By congruence of (13) with diag(P −1 k ,I) and by setting Q k = P −1 k , we have
which can be rewritten
The Schur complement Lemma then gives 
SIMULATION RESULTS
Study case of Lyon South-Est beltway
Let consider as a study case the section of the South-Est beltway of Lyon (France) depicted in Figure 5 . As shown in this figure, velocity time series (provided by Direction Départemental de l'Équipement 69) at different mainlane locations can be used to determine which on-ramp is responsible of the congestion propagating upstream.
Having identified the bottleneck on Lyon's South- Est beltway, the surrounding freeway is modelled as a concatenation of 3 homogeneous links interconnected through an on-ramp and an off-ramp. Figure 6 shows how this section looks in the Matlab R Simulink R toolbox we developed for inhomogeneous macroscopic freeway modelling. The first link is discretized into 2 cells and the 2 others are considered to be 1 cell. The boundary data and the off-ramp flow are provided by the density time series measured at the corresponding loops. All the cell density are assumed available in the feedback controller design.
As mentioned earlier, the possible discrete state transitions should be identified before the controller design. The on-ramp responsible of the congestion being on the third interface, the possible transitions are given by
Similar matrices are computed for all of the 4 discrete state considered in the example.
Numerical experiments
The LMIs obtained in section 3 for the stabilizing controller have been coded in the Matlab R LMI Control Toolbox. These LMIs being feasible for the Lyon beltway study case, we were able to compute the feedback gains that stabilize the freeway error dynamics.
The choice of a suitable density reference is an important task that should not be underestimated. Though the critical density corresponds to the maximal flow, it should not be taken as the reference as it may lead to unrealistically large onramp queues. Instead, the freeway should be allowed to be partially congested due to the unavoidable excess demand. This objective is met by requiring a minimum on-ramp flow that keeps ramp queues at a reasonable level. The simulations shown below have a minimal on-ramp flow of 1100 veh/h. Figure 7 shows the efficiency of the feedback method with a simulation from 15h30 to 22h00 and a congestion from 17h30 to 20h00. Figure  8 shows the demand and the resulting on-ramp queue. As could be expected, reducing the minimum on-ramp flow in our reference increases the peak ramp queue. The computed feedback gains are provided in Figure 9 for all discrete states.
An interesting observation is that the obtained feedback gains are local, implying that local algorithm such as Alinea are sufficient when a single on-ramp is metered. Moreover, as the dominant coefficient moves from the cell downstream of the ramp to the one upstream of it depending on the discrete state, a switched version of Alinea as the one proposed in (Sun and Horowitz, 2005) should be considered in local ramp metering strategies. 
CONCLUSION
We proposed in this paper an extension of Daganzo's CTM discretization to inhomogeneous freeways that can be put in the form of a piecewise affine system. Based on this model, an LMI-based controller synthesis were proposed, both for stabilization and H ∞ control. A simulation with real traffic data shows the efficiently of the proposed method that may be used for coordinated ramp metering. A software that integrates these algorithms is currently under development.
